We describe an algorithm for computing Schur indices of irreducible characters of a finite group G, based on computations within G and its subgroups and with their character tables. The algorithm has been implemented within Magma and examples of its use are given. We also compare the output of the algorithm on groups associated with sporadic simple groups with the results of W. Feit. The differences are considered.
Introduction
The notion of Schur index was introduced by Schur in 1906. Suppose that G is a finite group and χ an absolutely irreducible character of G. Let F be a field and let ψ be the sum of the Galois conjugates of χ over F , so ψ takes values in F . The minimal integer m > 0 such that mψ is the character of an F -representation of G is the Schur index of χ over F , denoted m F (χ). When the characteristic of F is not zero we have m F (χ) = 1, so we will only consider characteristic zero representations and their characters when asking for a Schur index.
An alternative approach to the Schur index is by representation fields. There exists a field E extending F (χ) such that there is an E-representation of G affording χ and with [E : F (χ)] = m F (χ). Furthermore, m F (χ) is the minimum degree of any such field extension.
For further introduction to Schur indices see Chapter 10 of [11] or Chapter 38 of [10] . The above statements about the Schur index are covered in both these references.
Since 1906 there has been much work on Schur indices published. A connection with central simple algebras is laid out in Chapter 38 of [10] , and for number fields F (also for p-adic number fields), the Schur index m F (χ) is the order of the corresponding element of the Brauer group of F (χ). In this context it is natural to consider Schur indices over completions of F (χ), i.e. real numbers, complex numbers, and p-adic number fields, in order to get the Schur index over the global field. These local fields are easier to cope with. A fundamental result of R. Brauer [4] and E. Witt [24] reduces us to considering groups of a special kind, the quasi-elementary groups. This combination of reductions led to methods to compute m F (χ) in results from the 1960s to the 1980s.
With the availability of character tables for many simple groups in the ATLAS of finite groups [6] came the question of Schur indices of these characters. W. Feit computed p-adic Schur indices for characters related to the sporadic simple groups in [8, 9 ]. Feit's main tool was the ordinary character table of each group.
Another use for a Schur indices is when constructing characteristic 0 matrix representations of a group. Combined with the character table, Schur indices can be used when proving representations irreducible for instance, and give information on minimal degree representation fields.
Despite this continuing interest in Schur indices, the author has been unable to find any published algorithm for computing Schur indices of group characters. This work describes such an algorithm and its implementation in Magma [3] . The algorithm described here was implemented in Magma V2. 16 , and returns the Schur indices of the character χ over all completions of the rational numbers Q. The initial approach is Feit's character table methods, then moving on to consider quasi-elementary subgroups in the cases where this fails. Feit's results for sporadic simple group characters have been checked using the Magma implementation, and some corrections are given here.
The author is part of the Magma group's effort to check the character tables of the ATLAS using Magma's character table algorithm [22] . In parallel with computing the character tables, Schur indices are also being found and are available along with the character tables in Magma V2. 22. This work began at the suggestion of John Cannon and Claus Fieker and I thank them for their encouragment. Claus Fieker has written a program which takes the character, the Schur indices computed here, and a number field, and computes the Schur index of the character over the number field. I would also like to thank Gabi Nebe for much help with this project during two visits to Sydney.
Notation and Preliminaries
Let G be a finite group and χ ∈ Irr(G), where Irr(G) denotes the set of ordinary irreducible characters of G. Let N be the exponent of G and let F be any field of characteristic zero. We will use ζ n to denote a primitive nth root of unity. For any positive integer n, F (n) will be written to denote F (ζ n ). Let F (χ) ⊆ F (N) denote the extension of F generated by all the χ(g), g ∈ G. The notation α, β will be used for the inner product of characters. We will always use q to denote a possible prime divisor of some Schur index, and p to denote some place of Q. For integers a and b, (a, b) will denote their greatest common divisor.
The degree of a field extension E/F will be denoted [E : F ]. We will use m(χ) to denote the Schur index over Q and m p (χ) for the Schur index over the p-adic numbers Q p .
We collect a number of results on Schur indices. The following are among those stated in Chapter 10 of [11] and Chapter 38 of [10] .
Theorem 2.1 Suppose that G is a finite group, χ ∈ Irr(G), and that F is a field of characteristic zero.
If ψ is the character of any
The next result records upper bounds for m(χ), most found in the works cited above. The names attached are attributions given by these sources.
Theorem 2.2
Suppose that G is a finite group with exponent N, χ ∈ Irr(G), and that F is a field of characteristic zero. Let m = m(χ).
m divides χ(1).

(Feit) m divides |G|/χ(1).
(Fein
-Yamada) m divides N.
(Benard-Schacher)
The field Q(χ) contains a primitive mth root of unity. Proof: The last item is the only one not given in the two texts cited. For this see [19] , section 7, application 3.
(Solomon
The results above are aimed at showing that m F (χ) is small, and it seems that it is quite rare to find a character χ that has m(χ) > 2. On the other hand, it has been shown that every positive integer arises as the Schur index of some character. For a relatively simple construction of a character having Schur index n > 1 over Q, let p be a prime such that n divides p − 1 but n is coprime to (p − 1)/n (there are infinitely many such primes as any p congruent to n + 1 modulo n 2 will do), take r to have order n modulo p, and let
Take C to be the subgroup of G generated by x and y n . Then C is a cyclic normal subgroup of G, and we take χ = λ G , where λ is any faithful linear character of C. It follows from Lemma 3 of [21] that m(χ) = n. In [14] there is a construction for a character with Schur index n over a given number field.
Reductions
Subgroups and their characters
A standard approach to Schur indices is to examine characters of subgroups of G. In the early 1950s Brauer and Witt both showed that Schur index computations for a general finite group could be reduced to the case where the group is of special type, a quasi-elementary group.
If q is a prime, we say that a finite group G is quasi-elementary at q when G has a cyclic normal subgroup A such that G/A is a q-group. This is equivalent to G having a cyclic normal q-complement. We say that G is quasi-elementary when G is quasi-elementary at q for some prime q. The following lemma gives some useful easy facts about quasi-elementary groups and their characters. Lemma 3.1 Let q be a rational prime and suppose that G is quasi-elementary at q.
Every subgroup and quotient group of G is quasi-elementary at q.
2. If χ ∈ Irr(G) then both χ(1) and m F (χ) are powers of q.
The next lemma is (2A) of [4] . It shows how characters of subgroups can be useful when computing Schur indices. Lemma 3.2 Let G be a finite group with χ ∈ Irr(G), let F be a field of characteristic zero, and fix a rational prime q. Let U be a subgroup of G and η ∈ Irr(U) be a character such that q does not divide
We now state the fundamental theorem of Brauer and Witt. 
, then we may take U to be quasi-elementary at q. This theorem is due to Brauer [4] and Witt [24] . The last sentence follows from Lemma 3.1.
In his article proving the above result, Brauer (op. cit.) noted that the pair (U, η) found when F = Q is universal for all characteristic 0 fields F .
The difficulty with using this theory is locating a useful subgroup and character. Feit [8] expressly avoids using quasi-elementary subgroups in his computation of Schur indices except as a last resort. We will use subgroups at some point in our algorithm, so we try to make the best of it. Brauer's proof showed that a suitable subgroup U could be found amongst the maximal quasi-elementary subgroups of G. The following lemma extends that idea.
Proof: We may assume that
), so we may replace U by U g and η by η g and assume that U ≤ V .
Let A be the Galois group of F (N )/F , where N is the exponent of G. The group A is abelian and has a unique Sylow q-subgroup S. Let L be the fixed field of S.
Thus for all σ ∈ S we have η σ = η and so, for all ψ ∈ Irr(V ),
Let Ω be the set of all S-orbits on Irr(V ) and for each ω ∈ Ω let a ω = η V , ψ , where ψ ∈ ω. We have
We take the inner product of η G with χ.
Thus we can choose ω ∈ Ω such that q does not divide a ω ω, χ V and we take ξ to be an element of this S-orbit. Since χ is S-invariant we have
so q does not divide |ω|. But ω is an orbit of a q-group, hence |ω| = 1 and ξ is S-invariant.
Faithful Characters
A reduction we may make when computing Schur indices is to insist that the character be faithful. This involves no change to the Schur index, as the following lemma states. This follows as a representation of G affording χ is a representation ofĜ affordingχ. We will reduce to quotients of subgroups to obtain a faithful character (asχ) and compute Schur indices of this character. A number of the parts of Theorem 2.2 may give sharper results when applied toχ rather than χ.
Schur Indices over complete fields
In the chapter on Schur Indices of [10] , the connection between the Schur index of a character and a certain central simple algebra is set out. The theory of central simple algebras then gives much information about the Schur index problem considered here. There is considerable advantage to be gained by considering Schur indices over p-adic fields. The following result is fundamental to our approach. It follows from Corollary 18.6 of [16] .
Theorem 4.1 If F is an algebraic number field, then m F (χ) is the least common multiple of the Schur indices m K (χ), where K runs over the completions of F (χ) at all places.
We have effective methods to compute the Schur index in the case of an Archimedean completion. All Schur indices over the complex field are 1. The following was proved by Frobenius and Schur in 1906 and gives an effective algorithm for computing Schur indices over the real numbers. 
There are exactly three possible values for i = i(χ):
In this case R(χ) = R and m R (χ) = 1.
2. i = 0. In this case R(χ) = C and m R (χ) = 1.
A proof is obtained by combining (4.5), (4.15), and (4.19) of [11] . To achieve our program, we will make Schur index calculations over the p-adic fields Q p . 
If K is a local field with K = K(χ), E/K is an extension of degree k, and if d is the greatest common divisor of k and m
The first result is Theorem 1 of [1] . The second follows from Proposition 17.10 of [16] .
In view of this theorem we concentrate on computing m p (χ), as these values, together with the degrees of the extensions [E : Q p (χ)], suffice to compute Schur indices over all algebraic number fields.
Theorem 4.4 Let G be a finite group with χ ∈ Irr(G).
If p is an odd prime, then
3. If G has abelian Sylow 2-subgroups, then m 2 (χ) = 1.
Parts 1 and 2 are results that have been derived a number of times, perhaps first by Witt [24] , Satz 10 and Satz 11. Yamada [25] proves these results and much more.
The third part is found in [26] . This paper also gives a construction, giving, for any odd prime p and any d dividing p − 1, a character χ with m p (χ) = d. The group of this construction has cyclic Sylow subgroups, so the third part does not extend to odd primes 1 . Proposition 18.5 of [16] implies that the set of places giving Schur index > 1 is finite, but it is helpful to have an explicit list containing these places. For this, Brauer character theory is useful. For fixed finite p we will consider the p-modular Brauer characters of G. Let B be a p-block of G. The set of ordinary irreducible characters in B will be denoted Irr(B) and the set of irreducible Brauer characters in B will be denoted IBr(B). The restriction of an ordinary character ψ to the p-regular elements of G will be written ψ * .
Theorem 4.5
We fix a finite rational prime p and let B be the p-block with χ ∈ Irr(B).
Let φ ∈ IBr(G) occur with multiplicity k as a constituent of χ
* . Then m p (χ) divides k [Q p (χ, φ) : Q p (χ)].
If p does not divide
These results are stated in [8] . The second part follows from the first as we may take φ = χ * by Theorem 3.18 of [15] . Feit proves the third part from the first in [8] , Theorem 3.1 and Corollary 3.2. Feit attributes the first part to R. Brauer, and refers to his own text [7] , Theorem IV.9.3, for a proof. On the other hand, Benard, in [2] , attributes it to "K. Kronstein in some unpublished work", and gives a proof (op. cit. Theorem 2.6). We see from the second part that the p-adic Schur indices we need to consider are limited to those primes p dividing the order of G.
Stronger results have been proved in the case where the block containing χ has cyclic defect groups. The following is proved in [2] , Theorems 8.1 and 8.15, also in [7] , Chapter VII, §13. Remark (III.13) of [17] gives a generalisation. 
m
Generally it can be difficult to find irreducible Brauer characters, but to apply this theorem we have no need to. The field K in the above can be obtained from the ordinary character table. We have
the first equality by the first part of the theorem, the second equality as the two sets of characters are integer linear combinations of one-another. We will often apply Theorem 4.6 when G is quasi-elementary, hence soluble, in which case IBr(G) is easily obtained from Irr(G). We give another result on local Schur indices that is useful for computations. The following is stated in [8] 
Schur indices of 2-group characters
When G is a q-group for q an odd prime, the result of Roquette quoted as part of Theorem 2.2 tells us that we have m(χ) = 1. Now suppose that G is a 2-group. The quaternion group of order 8 has a character χ ∈ Irr(G) with m(χ) = 2, so Roquette's result does not generalise to 2-groups. We have seen that m p (χ) = 1 for all odd primes p, m 2 (χ) divides 2, and m R (χ) is determined by the Frobenius-Schur indicator. We show how to determine m 2 (χ). 
Proof:
The method here is as [27] . Note that Q(χ) ⊆ Q(2 n ). Since 2 is totally ramified in Q(2 n ) ( [12] p73 Theorem 1), 2 is totally ramified in Q(χ), so Q(χ) has a unique place over 2. It follows that m 2 (χ) may be determined from m R (χ) and Q(χ) by using Theorem 4.7. We observe that the degree of Q(χ) over Q is a power of 2.
First suppose that Q(χ) = Q. In this case m 2 (χ) = m R (χ) since Q(χ) has one place at 2 and one at infinity. Now suppose that Q(χ) = Q. If the indicator of χ is 0 or 1 then m R (χ) = 1, and we have m 2 (χ) = 1. When the indicator is −1, m R (χ) = 2, Q(χ) is totally real, and has [Q(χ) : Q] places at infinity. This degree is a non-trivial power of 2, hence is even, so we again have m 2 (χ) = 1.
Computing 2-adic Schur Indices
In this section we discuss a method to deal with the last remaining problem when computing the q-part of m p (χ) for p, q rational primes and χ ∈ Irr(G), where G is a quasi-elementary group. We first summarise methods gathered to date.
If G is quasi-elementary at r then the Schur index of χ is a power of r, so if G is not quasi-elementary at q then this q-part is 1, and we will now assume that G is quasielementary at q. When p = q, G being quasi-elementary at q implies that the Sylow p-subgroup of G is cyclic, and we may use the formula from Theorem 4.6 to compute m p (χ). We are reduced to the situation p = q. When p is odd, Theorem 4.4 implies that m p (χ) = 1.
The last remaining problem is the case p = q = 2. In [2] this case is described as being "much more complicated". During the 1970's various special cases were dealt with ( [13, 25, 26] contain examples). We know by Theorem 4.4 that m 2 (χ) is either 1 or 2, with 1 being the value when
by a result of Benard and Schacher, and so m 2 (χ) = 1. It follows that we may assume that the highest power of 2 dividing m(χ) is either 1 or 2 and the full force of Theorem 4.7 can be applied, but this is not always enough to compute m 2 (χ) (see Example 6.2). The article of Yamada [28] gave a full solution to finding m 2 (χ). For our calculations we have chosen to use another solution. We will use the methods of Schmid [20] , as corrected in Riese & Schmid [18] . The rest of this section discusses these 2-adic methods.
After using the Lemma 3.2 and reducing to a faithful character, we may assume that we have the following situation.
( * ) We have that χ ∈ Irr(G) is faithful, and for every proper subgroup H < G and every
It turns out that condition ( * ) implies that m 2 (χ) only depends on the isomorphism type of G. The cited works of Schmid and Riese & Schmid describe in detail those of these groups having m 2 (χ) = 2. Let Q 8 denote the quaternion group of order 8,
For an odd prime r, we say that a group G is of type (Q 8 , r) when the following all hold. The group G is a split extension G = U : P , where U has order r and P is a 2-group acting on U. Putting X = C P (U), we require that X ∼ = Q 8 , that P is a central product P = XC P (X), and that P/X is non-trivial and cyclic. We also require that the 2-part of the order of 2 modulo r is equal to |P/X|. This definition was taken from [20] (3.5).
We need another class of groups. For odd prime r, we say that a group G is of type (QD, r) when the following hold. The group G is a split extension G = U : P , where U has order r and P is a 2-group acting on U. Let Z = P ′ , the derived group of P . We require that Z is cyclic of order at least 4 and that Y /Z is cyclic, where Y is the centralizer in P of an element of order 4 in Z. Putting X = C P (U), we require that X is not abelian and |P/X| = 2 s , where |P/Z| = 2 s+1 (and Z has index 2 in X). We further require that the order of 2 modulo r has the form 2 s f , where f is an integer. We exclude from type (QD, r) groups where f is odd and X ∼ = Q 8 . This definition is taken from [18] , see §4 Lemma 2 and §5, definition on p195. The "QD" in the name refers to the isomorphism type of X. In these groups X is either generalised quaternion or dihedral.
The following theorem is essentially a statement of results in [20] and [18] . Proof: Suppose that m 2 (χ) = 2. In the terminology of [18] , G is a dyadic Schur group. That G has the form stated in the theorem is [18] Lemma 4. Conversely, we claim that for every group G of the given types, and for every faithful χ ∈ Irr(G), we have m 2 (χ) = 2.
If G ∼ = Q 8 then there is only one possibility for χ and it is well known that this character has m 2 (χ) = 2. When G is of type (Q 8 , r) it is shown in [20] We look more closely at the reduction to ( * ). This reduction goes through some sequence of pairs (G i , χ i ), for i = 0 . . . n, where (G, χ) = (G 0 , χ 0 ) and (G n , χ n ) satisfies ( * ). We will use Theorem 5.1 to determine m 2 (χ n ). Once we have done this we want to determine m 2 (χ i ) from m 2 (χ i+1 ) for each i < n. For each i < n we have one of two possibilities.
The first possibility is the quotient case, where G i+1 = G i / ker χ i and χ i+1 =χ i is the character of G i+1 that lifts to χ i . In this case we have m 2 (χ i ) = m 2 (χ i+1 ).
The other possibility is that G i+1 is a subgroup of G i , χ i+1 ∈ Irr(G i+1 ), and
In this case we have
.
So m 2 (χ i+1 ) = 1 gives m 2 (χ i ) = 1, and
While computing the reduction to ( * ) we determine d i at each subgroup step. If any d i is even, then the original m 2 (χ) will be 1, so we can end the computation. Otherwise the original m 2 (χ) will be equal to the final m 2 (χ n ). 3. For each prime p with u p > 1, and each q with q dividing u p do the following steps.
(a) Locate a quasi-elementary subgroup H ≤ G and η ∈ Irr(H) such that q does
(c) Divide u p by a suitable power of q so that q-part of u p becomes equal to
At this point each
Return m R (χ) and the sequence of pairs p, u p where u p = 1.
An example
We consider the degree 48 irreducible character χ of the Coxeter group G = H 4 . This character is rational with indicator 1. After the first step above we have m R (χ) = 1 and u = 2. The order of the group is 2 8 3 2 5 2 , so we must determine local Schur indices for p = 2, 3, 5. We make progress in step 2 by noticing that the 3-block containing χ has defect 1, hence has cyclic defect groups, and Benard's formula gives m 3 (χ) = 2. If all we want is the value of m(χ), we could stop now with the answer 2. Otherwise we have u = u 2 = u 5 = 2 with m R (χ) = 1 and m 3 (χ) = 2. Feit's character table upper bounds for m 2 (χ) and m 5 (χ) give us nothing more.
We do step 3 with p = 5 and q = 2. Our first attempt is to search through cyclic subgroups of G and see if they have the potential to be a cyclic normal subgroup of some useful quasi-elementary group, as in §3. We find a self-centralizing cyclic group A of order 12 with a faithful linear character η such that η G , χ = 7. We have Q 5 (η) = Q 5 (12) . From the power map of G we see that there is an element of G that conjugates each element of A to its 5th power. If we compare this with the Galois group of Q 5 (12)/Q 5 , which has order 2 and interchanges ζ 12 and ζ 5 12 , it follows that there is a quasi-elementary at 2 subgroup U of G, with order 24, containing A as normal subgroup, with C U (A) = A, and such that η U satisfies the conditions of Lemma 3.2 with q = 2 and ground field
, and (η U ) G , χ = 7.) Since 5 does not divide the order of U we have m 5 (η U ) = 1, so m 5 (χ) = 1. Now Theorem 4.7 leaves no choice but m 2 (χ) = 2, and we are done.
In this example Theorem 4.7 determined m 2 (χ). If we did not use this result we would find that G contains a subgroup V of order 48, having U as a subgroup of index 2, such that η V is irreducible and rational, so satisfying Lemma 3.2 with q = 2 and F = Q (and hence for all ground fields of interest to us). In addition η V is faithful and V is of type (Q 8 , 3), so m 2 (η V ) = 2, giving m 2 (χ) = 2.
A quasi-elementary example
Let G be the following group of order 272.
(Using Magma, G is obtained as SmallGroup(272, 15) .) Let χ be any faithful element of Irr(G). Then χ has degree 4, indicator 1, and Q(χ) = Q(ζ 17 +ζ 17 ). The prime divisors of the order of G are 2 and 17. After step 2 we have upper bounds u 2 = u 17 = 2 with all others 1. This G is quasi-elementary at 2 and the Sylow 17-subgroup of G is cyclic. We find that m 17 (χ) = 1 by using Benard's formula. Theorem 4.7 gives us no help in determining m 2 (χ) as Q(χ) has two places over 2. We find that condition ( * ) is satified by this χ, and that G is of type (QD, 17), concluding that m 2 (χ) = 2.
ATLAS and non-ATLAS
We take G to be a group of form 6.M 22 .2, a bicyclic extension of M 22 , where the outer 2 inverts the generator of the cyclic 6. We first take the group featured in the ATLAS, where G is a split extension of 6.M 22 . As χ we consider a faithful character of degree 420 with Q(χ) = Q. This character has indicator 1, so m R (χ) = 1 and u = 2. The prime divisors of the group order are 2, 3, 5, 7, 11. The Sylow p-subgroups for p = 5, 7, 11 are cyclic and we calculate that m p (χ) = 1 for these p using Benard's formula. There is an x ∈ G with order 33 and χ(x) = −1. If B is the 2-block containing χ, we have Q(ψ(x) : ψ ∈ Irr(B)) = Q( √ 33) ⊆ Q 2 . We apply Feit's bound (Theorem 4.5) with p = 2 to get m 2 (χ) = 1. Now Theorem 4.7 gives m 3 (χ) = 1, so m(χ) = 1. Now take G to be the group of the given form that is isoclinic and not isomorphic to the ATLAS group above. In this group there are no outer elements of order 2, and an outer element of order 4 squares to the element of order 2 in the cyclic 6. Take χ to be the character corresponding to the character above. As χ is zero on outer elements we still have Q(χ) = Q. However, the indicator is now −1, so m R (χ) = 2. The same arguments show that m p (χ) = 1 for p ≥ 5 and p = 2. This time Theorem 4.7 gives m 3 (χ) = 2.
Some implementation details
In this section we give some details of how various parts of the algorithm have been implemented.
Cyclotomic extensions of Q p
During the course of a run through the algorithm, we must deal with fields of the form Q p extended by elements of Q(N) (particularly character values). This need arises when using the Brauer-Witt Theorem, Benard's formula or reducing to ( * ) for instance. We do this using the Galois groups of Q p (N)/Q p , their subgroups, and the Galois correspondence. Note that we don't need a general algorithm for membership testing in subfields of Q p (N), just for elements of Q(N).
Let N = p k m, where m is the p ′ -part of N. The Galois group G(Q p (N)/Q p ) is the direct product of To compute a subgroup corresponding to a field extension by an element of Q(N), we use the orbit-stabilizer method. The degree of an extension is the subgroup index, and deciding field membership is done by testing if the element of Q(N) is fixed by the corresponding subgroup. The implementation uses Magma's abelian group and cyclotomic field types for these calculations.
Search for useful quasi-elementary subgroups
This is a very important step in the algorithm. When a search is needed it can take most of the time for the computation. The search is currently in two phases. The first is as in Example 6.1, where we search the cyclic subgroups hoping to use the power map to find one that can be extended to give a useful quasi-elementary subgroup/character pair H, η for the calculation. This search requires η to be induced from the cyclic subgroup. In Example 6.1 we didn't have to construct the subgroup to determine the Schur index we needed. Even when we find suitable cyclic group and character we are not always so lucky.
There are characters where the search through cyclic groups finds nothing useful. If this happens we construct a set of subgroups of G, E q , consisting of groups quasi-elementary at q, and including all maximal such subgroups of G up to conjugacy. Let {C i : i ∈ I} be a set of conjugacy class representatives for all cyclic subgroups of G having q ′ order. For each i let S i be some Sylow q-subgroup of N G (C i ). It is clear that C i S i is a subgroup of G which is quasi-elementary at q. Now put E q = {C i S i : i ∈ I}. It is straightforward to see that some conjugate of every quasi-elementary at q subgroup of G is contained in some element of E q .
If the cyclic group search gives us nothing useful then we search through the groups in E q . If none of these have an irreducible character η as in Theorem 3.3 with F = Q, we conclude that the q-part of m(χ) is 1. Otherwise we have reduced to a group which is quasi-elementary at q. In all cases except p = q = 2 we can now compute the the q-part of m p (χ) as sketched at the beginning of §5.
If we are in the situation p = q = 2, we have further reductions to make. We reduce to a section of G so that η is faithful. For these calculations we use a polycyclic presentation of the group which allows easy representation of quotients as well as subgroups. We further search for a maximal subgroup of G and an irreducible character of the subgroup, testing ( * ).
Finding m p (χ)
The methods used here are covered in §5. We organise the loop over p so that p = 2 comes last. We only use Theorem 5.1 when other methods fail to give us m 2 (χ). We make some points about the computations needed when using Theorem 5.1. First we must ensure that ( * ) is satisfied. Although this condition is stated in terms of all proper subgroups of G, Lemma 3.4 allows us to check the condition for H running over the maximal subgroups of G only. If we find a maximal subgroup H and ψ ∈ Irr(H) with ψ G , χ [Q 2 (χ, ψ) : Q 2 (χ)] odd, we consider d = [Q 2 (χ, ψ) : Q 2 (ψ)]. If d is even we have m 2 (χ) = 1. Otherwise we replace G, χ with H, ψ and repeat with the maximal subgroups of the new G.
Once we reach a state where ( * ) holds (and so Theorem 5.1 applies), determining whether or not G is Q 8 or is of type (Q 8 , r) or type (QD, r) is a simple exercise in computing with polycyclic groups, testing the given definitions of these types.
Yamada's solution [28] for the p = q = 2 situation has been programmed and tested alongside the solution given above. It was reassuring that in all tests the two methods have given the same answers, but the implementation of the Yamada method has proved a little slower than the method given above.
Tests
The program was tested against the tables of Schur indices of characters of groups related to sporadic simple groups in Feit's article [9] . The groups tested were all the decorated versions of 24 of the sporadic simple groups, excluding B and M.
The groups used for computations were permutation and matrix groups taken from Magma's collection supplied by R.A. Wilson from [23] , with ad hoc adaptations to get groups isoclinic to the ATLAS groups.
The test was a calculation of the local Schur indices of all characters of the groups. Non-faithful characters were included, so in many cases these gave two calculations with essentially the same characters, but in different groups.
There were a small number of differences between our results and those of [9] , the list follows. Each item in the list starts with a line giving the group, character in Feit's notation, character degree, character field, and Frobenius-Schur indicator. Each character is faithful on the group named. Following this line is the result of our calculation with a justification.
• 6.M 22 .2i, 48 * , 420, Q, −1. Feit states that m(χ) = 1. We found that m R (χ) = m 3 (χ) = 2 with all other local indices being 1. Our calculations are as in §6.3, the non-ATLAS case. so m 3 (χ) = m 3 (η). The 3-block of η has defect 1, and we compute m 3 (η) = 2 using Benard's formula.
• J 4 , 50, 1 579 061 136, Q, 1.
Feit claims m(χ) = 1, while we find m 3 (χ) = m 5 (χ) = 2. Using the character table of G and Theorem 4.5, we find that, for all p = 3, 5 we have m p (χ) = 1. The Sylow 5-subgroup of G is cyclic, and Benard's formula gives m 5 (χ) = 2. That m 3 (χ) = 2 now follows.
For the groups B, 2.B and M the character tables in the GAP character table library [5] were used to check Feit's results. No discrepancies were found. It was fortunate that no subgroups were needed to decide all the Schur indices.
